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(54) Reduction of peak to average power ratio in multicarrier systems 

(57) We describe an improved method for decreas- 
ing the probability of an unacceptably high peak-to- 
average power ratio in a signal to be transmitted by a 
Frequency Division Multiplexing (FDM) system, such as 
a discrete multitone (DMT) system. The method 
involves generating at least two alternative signal 
sequences, computing Fourier transforms of the 
respective alternative signal sequences, and selecting 
for transmission one of these sequences, based on the 
Fourier transform computations. More specifically, the 
selection of one sequence may be based, e.g., on the 
determination that the Fourier transform of that 
sequence has an acceptable peak power. Alternatively, 
a comparison may be made among the Fourier trans- 
forms of the respective signal sequences, and selection 
made of that sequence whose Fourier transform exhib- 
its the lowest peak power. 
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Description 

Field of the Invention 

[0001] This invention relates to data communication 
using frequency division multiplexing systems. More 
particularly, the invention relates to methods for encod- 
ing information for transmission by such systems. 

Background of the Invention 

[0002] Frequency division multiplexing (FDM) is a 
multiplexing technique that has applications for both 
wireline and wireless applications. The former include, 
inter alia, applications to digital subscriber loop commu- 
nications, and the latter include, inter alia, applications 
to WaveLan communications. 

[0003] FDM in certain implementations is described in 
the discrete multitone (DMT) standard published by the 
International Telecommunications Union (ITU) under 
the publication number T1 .413. 

[0004] Very briefly, FDM operates by dividing a data 
stream into a temporal sequence of blocks. With refer- 
ence to FIG. 1 , the data in each block (the "information 
sequence") are represented, in frequency space, by a 
sequence of tones 10 (also referred to as carriers). The 
number of tones used varies among the various imple- 
mentations, but is typically in the range 32-51 2. Informa- 
tion is encoded by assigning to each tone a complex 
amplitude (that is, a positive magnitude and a phase). 
The complex amplitudes that can be assigned are not 
arbitrary, and they do not vary continuously. Instead, 
they are typically drawn from a discrete set, sometimes 
referred to as a constellation, of points in the complex 
plane. (An illustrative such constellation is shown in 
FIG. 2.) Although the number of points in such a con- 
stellation may vary, a typical number of points lies in the 
range 2-512. In the case, e.g.. of 256 points, each com- 
plex amplitude represents log 2 256, or 8, bits of data. 
The sequence of amplitudes is referred to as the "signal 
sequence", and each amplitude in this sequence is^ 
referred to as a "signal element". 
[0005] The transmitted signal (shown as element 20 in 
FIG. 1) is the Fourier transform of the sequence of 
tones, (Those skilled in the art will appreciate that what 
is precisely meant here is a real-valued reverse Fourier 
transform from the frequency domain to the time 
domain.) The receiver performs, in essence, another 
Fourier transform back into frequency space to recover 
the signal sequence. At the receiver, knowledge con- 
cerning the mapping between the information sequence 
and the signal sequence is used to recover the informa- 
tion sequence. 

[0006] Those familiar with oscillatory phenomena will 
appreciate that when tones, with associated phase dif- 
ferences, are superimposed, constructive interference 
often leads to the emergence of peaks that extend to a 
significant height above the average amplitude of the 



combined waveform. When a transmitted signal exhibits 
this property, it is often useful to characterize the signal 
by its peak-to-average power ratio. It should be noted in 
this regard that the average transmitted power is 

5 directly related to the rate at which information can be 
communicated. That is, higher average power implies 
higher potential data-communication rate. The term 

^average" -refers -here to the -statistical, or ensemble, 

average over all signals. The term "peak", on the other 

10 hand, refers to a particular sequence. 

[0007] For several reasons, it is desirable to limit the 
peak-to-average power ratio of a transmitted signal. In 
many instances, there are standards and regulations 
that impose a limit on this quantity. More fundamentally, 

is the last amplification stage of the transmitter may be 
saturated by amplitude peaks in its input signal, result- 
ing in clipping of the transmitted waveform and conse- 
quent errors in data transmission. In principle, an 
amplifier can be designed to handle essentially any 

20 given peak-to-average power ratio encountered in prac- 
tice. However, the cost of the amplifier and also the 
power consumption of the amplifier increase as the 
maximum acceptable peak power increases. As a con- 
sequence, economic considerations militate for meas- 

25 ures designed to minimize the probability that a peak 
will appear that cannot be transmitted without distortion. 
Although the greatest acceptable value for this probabil- 
ity depends on the specific application and on other fac- 
tors, a typical value is 10" 5 . 

30 [0008] One conventional approach to this problem is 
to limit the permitted signals to only those signals that 
have an acceptably low peak power. This approach is 
difficult to put into practice because it is difficult to iden- 
tify a suitable set of signals in the frequency domain. 

35 Moreover, decreasing the population of available sig- 
nals decreases the number of bits carried by each sig- 
nal element. Because a substantial fraction of signals 
are typically eliminated by this approach, the transmit- 
ted data rate is significantly reduced. 

40 

Summary of the Invention 

[0009] We have discovered an improved method for 
decreasing the probability of an unacceptably high 

45 peak-to-average power ratio. In a broad aspect, our 
invention involves generating at least two distinct, alter- 
native signal sequences, computing Fourier transforms 
of the respective alternative signal sequences, and 
selecting for transmission one of these sequences, 

so based on the Fourier transform computations. More 
specifically, the selection of one sequence may be 
based, e.g., on the determination that the Fourier trans- 
form of that sequence has an acceptable peak power. 
Alternatively, a comparison may be made among the 

55 Fourier transforms of the respective signal sequences, 
and selection made of that sequence whose Fourier 
transform exhibits the lowest peak power. Those skilled 
m the art will understand that the term "Fourier trans- 
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form" is used here to encompass any of several appro- 
priate mathematical transforms, and that each can be 
implemented by any of several appropriate computa- 
tional algorithms. 

[0010] Desirably, the alternative sequences are gen- 
erated in such a way that the joint probability that both 
will lead to unacceptable peak-to-average power ratios 
is significantly smaller than the individual probabilities 
that each alone will lead to such a ratio. This can be 
achieved by providing for near statistical independence 
between the respective alternative sequences. This 
independence may be achieved by operating upon the 
information sequence, or by operating upon the signal 
sequence, or in the coding procedure that maps 
between the information sequence and the signal 
sequence. 

[001 1] At the receiver, it should be possible to recover 
the same information sequence from either of the alter- 
native signal sequences. 

[001 2] According to a currently preferred embodiment 
of the invention, the signal elements are generated by a 
differential encoding scheme, in which information is 
largely carried by the differences between pairs of sig- 
nal elements. The signal elements are partitioned into 
two disjoint sets in such a way that each information- 
carrying pair belongs entirely to one or the other of the 
two sets. Given a signal sequence of signal elements, a 
further signal sequence is derived by applying a rotation 
in the complex plane to those signal elements that 
belong to one of the two disjoint sets. The rotation 
applied is a rotation under which the constellation of sig- 
nal-element values is invariant. 

[001 3] According to an alternate embodiment of the 
invention, alternative information sequences are gener- 
ated by forming at least one encrypted version of the 
original information sequence. Alternative signal 
sequences are generated simply by encoding respec- 
tive alternative information sequences. Decryption infor- 
mation is available at the receiver so that the original 
information sequence can be recovered from either of 
the alternative signal sequences. 

Brief Description of the Drawing 

[0014] 

FIG. 1 shows, in schematic fashion, the relationship 
between the frequency spectrum represented by a 
signal sequence and the corresponding time- 
domain waveform. 

FIG. 2 is a simple example of a signal constellation 
that is invariant under rotation by nl2 radians. 
FIG. 3 is a flowchart illustrating the generation of 
two alternative signal sequences, in accordance 
with an exemplary embodiment of the invention. An 
original signal sequence 40 is obtained by encoding 
(block 50 of the figure) an information sequence 60, 
and then a further signal sequence is generated. 



FIG. 4 is a flowchart of an exemplary algorithm for 
selecting a signal sequence for transmission, 
based on a test of whether the peak power falls 
below an established limit. 

5 FIG. 5 is a flowchart of an exemplary algorithm for 

selecting a signal sequence for transmission, 
based on finding the lowest peak power. 
FIG. 6 is a flowchart of a procedure for generating 
alternative information sequences, according to the 

10 invention in an alternate embodiment. 

Detailed Description 

[0015] Most FDM signal schemes use contentions 

15 with certain symmetries in the frequency domain. For 

example, the signal constellations Ci 1t Ci 2 Q n (n a 

positive integer) associated with the respective signal 
elements s 1t s 2 , ■ s n are often invariant under rota- 
tions in the complex plane by integer multiples of k/2 

20 radians. (Those skilled in the art will appreciate that a 
rotation by any angle 0 is equivalent to multiplication of 
the corresponding complex amplitude by e' e .) Certain 
illustrative embodiments of the invention make use of 
this symmetry, as we explain below. 

25 [0016] Let c represent a rotation by mn/2 radians, 
where m is chosen from the set of values 0, 1 , 2, and 3. 

Let each of the signal constellations Qj (i=1 , 2 n) be 

invariant under the rotations c; that is, cQ j=Qj. Let the 
signal sequence s 1f s 2 , . . s n (shown in FIG. 3 as ele- 

30 ment 40) represent a differentially encoded signal in 
which the information that is carried depends largely on 

differences s r s Jf i * j, y=1 ,2 n. 

[001 7] (n accordance with certain embodiments of the 
invention, the indices 1, 2, .... n are partitioned (block 

35 70 of FIG. 3) into disjoint sets A and B, and the differen- 
tial coding is carried out such that the only differences 
Sj-Sj carry information relate to index pairs in which / and 
j both belong to set A or to set B. 
[0018] With further reference to FIG. 3. given an initial 

40 signal sequence s ? , s 2 , ■ . s n (element 40 of the fig- 
ure), the transmitter generates a further signal 
sequence by rotating (block 90) those signal elements 
whose indices belong to one of the two disjoint sets 
(e.g., to set B). (In the figure, those elements whose 

45 indices belong to set B and hence are exemplarily 
rotated are indicated by the reference numeral 80.) Typ- 
ically, one such rotation will be carried out. leading to 
one further signal sequence. However, two or even 
three rotations may be carried out, leading to as many 

so as four alternative signal sequences (including the initial 
sequence). 

[0019] Because of the rotational symmetry of the sig- 
nal constellations, most of the signal processing carried 
out by the receiver is unaffected by the alternative signal 
55 encoding. 

[0020] Each of the alternative signal sequences 100, 
110 will carry the same information to the receiver. 
Thus, the transmitter can select from among the alter- 
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native signals in such a way as to minimize the peak-to- 
average power requirement, or to assure that the peak- 
to-average power ratio lies within established limits with 
high probability. 

[0021] The selection process involves calculating a 
Fourier transform (block 120) of at least one of the alter- 
native signal sequences to produce a time-domain sig- 
nal 130, 140. As noted, the term "Fourier transform" 
encompasses several appropriate mathematical trans- 
forms and computational implementations thereof. For 
example, it is advantageous in Orthogonal Frequency 
Multiplexing (OFDM) systems to calculate the Fourier 
transform using a Fast Fourier Transform (FFT) algo- 
rithm. 

[0022] According to one exemplary approach illus- 
trated in FIG. 4, each of the alternative signal 
sequences is obtained (block 150), transformed in turn 
(block 160), and its peak power calculated (block 170), 
but the procedure makes a selection and stops (block 
180) as soon as a test (block 190) finds a signal whose 
peak power lies at or below a established limit. 
[0023] According to a second exemplary approach 
illustrated in FIG. 5, all of the alternative signal 
sequences are transformed and their peak powers 
determined (block 200). Then, a comparison is per- 
formed (block 210), and that sequence having the low- 
est peak power is selected for transmission (block 220). 
Those skilled in the art will appreciate that various com- 
binations and variations of these procedures are also 
readily implemented. For example, it will be advanta- 
geous in at least some cases to combine the proce- 
dures described above. Thus, if none of the alternative 
sequences are found according to the former procedure 
to produce a peak power that falls below the established 
limit, that sequence producing the lowest such power 
would be selected in accordance with the latter proce- 
dure. 

[0024] If the alternative sequences had complete sta- 
tistical independence from each other, the joint probabil- 
ity that all of them would produce an unacceptable 
peak-to-average power ratio would be the product of the 
(generally equal) probabilities that each alone would 
produce such a ratio. Because only a coincidence 
among all of the alternative sequences would cause an 
unacceptable peak to be transmitted, the probability of 
such a transmission is reduced to this joint probability. 
Because the alternative sequences are carrying the 
same information, they are generally not, in fact, entirely 
independent of each other. However, we believe that the 
rotation procedure can be made to produce enough var- 
iation between alternative sequences for them to 
behave under the Fourier transform, for our pulses, as 
though they were substantially statistically independent. 
Thus, we have very high assurance that the joint proba- 
bility of an unacceptable peak is substantially less than 
the individual probability thereof. 
[0025] It should be noted in this context that to achieve 
effective statistical independence, it will be advanta- 
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geous in most cases for the partition of the index set to 
be carried out such that A and B are of approximately 
the same size. (If the partition is into more than two dis- 
joint sets, it will likewise be generally advantageous for 
5 all of the disjoint sets to be.of approximately-equal size.) 
[0026] By judicious choice of the partition and the 
rotation or rotations, it is also possible to minimize the 
incidence of peaks in the corresponding time-domain 
signal. That is, let the coefficient of each unrotated sig- 
10 nal element be 1 , and let the coefficient of each rotated 
signal element be e imn/2 . where m has an appropriate 
value. Those skilled in the art will recognize a mathe- 
matical relationship between the Fourier transforms of 
the original and rotated signal sequences: the second is 
75 the convolution of the first with the Fourier transform of 
the sequence of coefficients. In order to avoid enhanc- 
ing peaks in the product of this convolution, it is desira- 
ble to choose sequences having the flattest possible 
Fourier transforms. 
20 [0027] Thus, by imposing the restriction that the sig- 
nals must be differentially encoded and by applying the 
methods of the present invention, we can substantially 
reduce the peak-to-average power requirements of the 
transmitter. Since the restriction to differential encoding 
25 imposes a relatively small penalty in the number of bits 
that may be transmitted, the advantages that we gain 
are achieved at a relatively small cost. 
[0028] One fundamental penalty is imposed by this 
scheme. It is imposed because multiple signal 
30 sequences carry thejsame information. If it were not for 
this redundancy, more information could be carried per 
signal sequence. If two alternative signal sequences are 
provided for each information sequence, the penalty is 
one bit per signal sequence; if four alternative signal 
35 sequences are provided, the penalty is two bits, etc. 
[0029] An additional penalty is imposed by the differ- 
ential encoding scheme itself. However, there are ways 
to minimize this penalty. For example, the differential 
encoding can be limited to signal elements whose indi- 
40 ces lie in set B. Along with such a scheme, it is also 
advantageous for the first signal element whose index 
lies in set B to encode information (without relying on 
differences) in such a way that the images of that ele- 
ment (in the signal constellation) under all of the allowa- 
45 ble rotations are equivalent. 

[0030] In at least some cases, it will be advantageous 
for m to be chosen only from the set {0,2}. Stated differ- 
ently, only one rotation is available, and that rotation is 
carried out by multiplying all of the B-indexed signal ele- 
so ments by -1 . In such a case, the partition is conveniently 
represented as a sequence G 1f G 2 , • - G n , in which G, 
is 1 if / is in A, and G, is -1 if / is in B. Those skilled in the 
art will recognize a mathematical relationship between 
the Fourier transforms of the original and rotated signal 
55 sequences: the second is the convolution of the first 
with the Fourier transform of the sequence G,. As noted 
above in connection with a more general case, it is 
desirable to choose sequences G, having the flattest 



I 



EP 0 942 566 A2 



8 



possible Fdurier transforms. Such sequences, known 
as Golay sequences, have been tabulated. Reference is 
made, for example, to MJ.E. Golay, "Complementary 
Series," I.R.E. Trans. On Information Theory. Vol. 7 
(April 1961) pages 82-87. The maximum magnitude of 
the Fourier transform of a Golay sequence is near the 
theoretical minimum, namely, V2 times the root-mean- 
square magnitude. 

[0031 ] Thus, according to one alternate embodiment 
of the invention, the partition into sets A and B is made 
by sequentially assigning the multiplier 1 (for set A) or - 
1 (for set B) to signal elements in accordance with a 
Golay sequence. It should be noted in this regard that 
other methods for assigning these multipliers will also 
be useful, such as random assignment. 
[0032] We noted, above, that rotation by multiples of 
ic/2 radians is often advantageous because of sym- 
metries of the signal constellations. Yet other rotations 
may be advantageous in some cases, provided only 
that the signal constellations are invariant under these 
rotations. Thus, for example, alternate embodiments of 
the invention are readily envisaged in which set B is 
multiplied by one or more integer multiples of rc/3 radi- 
ans. 

[0033] It should also be noted that partition into more 
than two disjoint sets may be advantageous in some 
cases. When a partition is made into more than two dis- 
joint sets, any choice of one or more of the disjoint sets 
may be subjected to a chosen rotation. 
[0034] In a broader sense, the invention can be 
described in terms of operations (including rotations but 
also including, e.g., other permutations of the elements 
of the signal constellations) that map each signal con- 
stellation onto itself. Suppose that each of n operations 
g ir 2. . . ., n, maps a respective signal constellation 
Q, onto itself. In this broader sense of the invention, as 
many as n distinct operations may be represented. Sup- 
pose that each operation g, is iteratively applied to its 
respective signal element s, an integer number /, of 
times. Thus, a further signal sequence is generated, 
whose /'th element is 



is the identity function for each value of the index /; that 
is, 



The integers /, may be chosen arbitrarily, but they must 
be known to the receiver. The encoding and decoding 
procedures must be such that the original sequence 
and the transformed sequence represent the same 
information. 

[0035] Typically, there will be some smallest integer k 
with the property that 
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maps every signal element s, into itself. Thus, k distinct 
signal sequences can be generated, and any one of 
w these sequences may be used for transmission. 

[0036] In its broadest sense, the invention involves 
generating alternative signal sequences that map to the 
same information sequence. In the embodiments 
described above, further signal sequences are gener- 
is ated by operating on the signal elements of an original 
sequence. It should be noted that other techniques are 
also available for generating alternative signal 
sequences. 

[0037] For example, alternative signal sequences may 
20 be generated when the information sequence is 
encoded as a signal sequence. Encoding techniques 
are readily employed that are redundant in the sense 
that the same information sequence gives rise to two or 
more alternative signal sequences, each carrying the 
25 same information and each mappable back to the infor- 
mation sequence. Significantly, such encoding tech- 
niques are not necessarily differential encoding 
techniques. 

[0038] In yet other embodiments of the invention, 
30 alternative information sequences are provided by 
operating at least once upon an original information 
sequence. Because such operations are similar to oper- 
ations used to make information sequences secure 
against unauthorized interception, we refer to those 
35 operations as encryption. Alternative signal sequences 
are then generated from the alternative information 
sequences. 

[0039] For example, suppose that an information 
sequence (b P b 2 , • • b m ) consists of m binary bits, m 
40 a positive integer, and that a mapping F maps this infor- 
mation sequence into the signal sequence (s 7 . s 2 . • - - 
s n ). The mapping F is invertible, so that the receiver can 
recover the information sequence from the received sig- 
nal sequence. 

45 [0040] According to the embodiment of the invention 
now to be described, an encryption algorithm G maps 
the information sequence {b 1f b 2 , . . b m ) into an 
encrypted information sequence (b'f, b 2 . ■ ■ b' m ), 
which also consists of m binary bits. Preferably, this 

so mapping is random in nature. It should be known to the 
receiver, and invertible by the receiver. 
[0041] One possible choice for the algorithm G is a 
random permutation of the m elements of the 
sequence. A generator of pseudo-random binary 

55 sequences can be used to further randomize the 
encrypted sequence. For example, the permuted 
sequence can be modulated by lining it up with a 
pseudo-random sequence of the same length, and per- 
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forming a bit-by-bit exclusive-or operation between the sequence comprises multiplying at least one, 

two sequences. Provided that the receiver also pos- butjiot all, of said groupings by e - , -1, or 

sesses the pseudo-random sequence used for modula- & K • 

tion, the original information sequence will be 
recoverable. 5 
[0042] In fact, there are well-known methods for syn- 
chronizing the transmitter with the receiver, so that G 
can vary over time according to a pseudo-random 
sequence generated at both the transmitter and the 
receiver.. In that case, G can be a (synchronized) sam- 
pling from a pseudo-random process. 
[0043] With reference to FIG. 6, we will now describe 
an illustrative method whereby the algorithm G is used 
to generate two alternative information sequences for 
subsequent encoding as respective alternative signal is 
sequences. 

[0044] Let the original information sequence 230 have 
length m-1 , and append to it (block 240) an m'th binary 
bit B. By respectively giving B the values 0 and 1 , the 
encryption operation G((b p b 2 , . - ... b m . P B)) (block 250) 20 
generates two distinct encrypted information sequences 
260,270. 

[0045] Both of these alternative sequences are readily 
encoded (block 280) as signal sequences 290, 300. 
One of the signal sequences is selected (block 310) for 25 
transmission, as described above. Thus, the signal 
sequence selected for transmission is F{G((b p b 2 . 
b m -i< B))), where B is 0 or 1, as appropriate. At the 
receiver, F and G are inverted, and B is simply ignored, 
in order to recover the original information sequence. 30 
[0046] This scheme is readily extended to generate 
larger sets of alternative sequences. For example, if two 
bits B-, and B 2 are reserved, four alternative encrypted 
information sequences are readily generated. 
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Claims 



A method for encoding information for transmission 
by a frequency division multiplexing system, com- 
prising differentially encoding the information as a *o 
signal sequence s 1t .... s n (n a positive integer) of, 
complex signal elements, resulting in representa- 
tion of the information by differences between at 
least some pairs of signal elements, wherein: 



45 



(a) each signal element is selected from a set 
that is invariant under multiplication by e' m/r/2 , 
m=0, 1,2, 3; 

. (b) the signal elements are partitioned into at 
least two disjoint groupings, and the differential so 
encoding is carried out such that each of said 
pairs is drawn solely from one of said group- 
ings; 

(c) the method further comprises generating at 
least one further signal sequence such that ss 
there are provided at least two alternate signal 
sequences; and 

(d) the step of generating each further signal 
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(54) Reduction of peak to average power ratio in multicarrier systems 
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